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Abstract
The analytic approach proposed by Sekerzh-Zenkovich [On the theory of standing waves of ﬁnite amplitude, Dokl. Akad. Nauk
USSR 58 (1947) 551–554] is developed in the present study of standing waves. Generalizing the solution method, a set of standing
wave problems are solved, namely, the inﬁnite- and ﬁnite-depth surface standing waves and the inﬁnite- and ﬁnite-depth internal
standing waves. Two-dimensional wave motion of an irrotational incompressible ﬂuid in a rectangular domain is considered to
study weakly nonlinear surface and internal standing waves. The Lagrangian formulation of the problems is used and the ﬁfth-order
perturbation solutions are determined. Since most of the approximate analytic solutions to these problems were obtained using
the Eulerian formulation, the comparison of the results, as an example the analytic frequency–amplitude dependences, obtained
in Lagrangian variables with the corresponding ones known in Eulerian variables has been carried out in the paper. The analytic
frequency–amplitude dependences are in complete agreement with previous results known in the literature. Computer algebra
procedures were written for the construction of asymptotic solutions. The application of the model constructed in Lagrangian
formulation to a set of different problems shows the ability to correctly reproduce and predict a wide range of situations with
different characteristics and some advantages of Lagrangian particle models (for example, the bigger radius of convergence of an
expansion parameter than in Eulerian variables, simpliﬁcation of the boundary conditions, parametrization of a free boundary).
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1. Introduction
The classical two-dimensional standing wave problem consists of solving the Euler equations for a one- or two-
layer ﬂuid with free boundary conditions (free-ﬂuid surface). The assumption is made that the ﬂow is irrotational. The
boundary value problem needs to be solved in a ﬂow domain, for example, D = {0xL,−hy(x, t)} for the
surface elevation (x, t) and the velocity potential (x, y, t). The ﬂuid depth h and the horizontal size of the domain
L are given. We study periodic solutions (in x and t) of standing wave problems.
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In general, there are two ways for representing the ﬂuid motion: the Eulerian approach, in which the coordinates
are ﬁxed in the reference frame of the observer, and the Lagrangian approach, in which the coordinates are ﬁxed in
the reference frame of the moving ﬂuid. We construct analytically approximate solutions in Lagrangian variables.
Although the Lagrangian analytical description of ﬂuid is considered alternative with respect to the conventional
Eulerian representation, we believe that Lagrangian analytical approach (with or without the use of computer algebra)
can enrich and advance in understanding of ﬂuid motion. For example, Okamura supports that Lagrangian formulation
is useful for the highest waves because the formulation does not include the space derivative of the surface proﬁle,
the derivative which has a singularity at the crest for the limiting waves, see the paper by Okamura [11]. For the other
problems, in the papers byAndreev [3],Andreev et al. [5], it is indicated thatmost of the exact solutions of problemswith
a free boundary, obtained by applying the group-theoretical methods, are unlikely to be found in Eulerian variables and
the Lie algebra in Lagrangian variables is wider than the corresponding algebra in Eulerian variables. In other papers
by Abrashkin and Zenkovich [1], Yakubovich and Zenkovich [20], Zeitlin et al. [22], devoted to description of ﬂuid
motions, is also noted that working in Lagrangian variables turns out to be conceptually and technically advantageous.
In the present paper, we develop the analytic Lagrangian approach proposed by Sekerzh-Zenkovich [15] for con-
structing approximate solutions for nonlinear waves. According to Eulerian approach, the Laplace equation governs
within the ﬂuid domain (for irrotational ﬂow of an incompressible ﬂuid) and the ﬂow model described by the linear PDE
is simple. However, the nonlinear boundary conditions make the solution of standing wave problems more difﬁcult. In
Lagrangian variables, the Laplace equation is not used, and the system of three nonlinear partial differential equations
(or the system of six governing equations for a two-layer ﬂuid) for current positions of ﬂuid particles as functions of
Lagrangian variables and time is more complicated, but the geometry of the domain in which the problems are solved
is simple: the free surface is a line in the new variables.
In the previous works devoted to this problem we considered some special aspects, namely, the appearance of
resonances was studied in the case of inﬁnite depth layer (see [18]), the paper Shingareva and Lizárraga Celaya [17]
gives Maple fragments of codes used to generate the higher-order equations and the asymptotic solutions for some
cases. In this paper, we generalize the solution method that allows one to solve a set of problems, for example, the
problems of inﬁnite- and ﬁnite-depth surface standing waves and inﬁnite- and ﬁnite-depth internal standing waves. This
method can be useful for extending a series solution to high order, solving a problem that is not solvable in Eulerian
formulation, or solving another set of problems.
Note that most of the approximate analytic solutions were obtained using the Eulerian formulation, the present
paper deals with the alternative formulation, which deserves to be better known. Therefore, we compare the analytic
frequency–amplitude dependences obtained in Lagrangian variables with the corresponding ones known in Eulerian
variables. The analytic frequency–amplitude dependences are in complete agreement with previous results obtained
by Rayleigh [13], Penney and Price [12], Aoki [6], Tadjbakhsh and Keller [19], Okamura [10] in Eulerian variables,
and by Shingareva [16], Sekerzh-Zenkovich et al. [14], Shingareva et al. [18], Shingareva and Lizárraga Celaya [17] in
Lagrangian variables.We developed computer algebra procedures to aid in the construction of higher-order approximate
solutions.
We show that the use of the Lagrangian approach to solve standing waves problems presents some advantages with
respect to the Euler formulation, particularly because it allows to simplify the boundary conditions (the unknown free
boundary is a line), the radius of convergence of an expansion parameter is bigger than in the Eulerian variables (this
allows one to observe steep standing waves).
2. Inﬁnite- and ﬁnite-depth surface standing waves
In this section, we consider the problem of the two-dimensional standing gravity waves, with no surface tension at
the free boundary, in an inﬁnitely deep layer and for a ﬁnite depth layer of perfect ﬂuid. The problem of existence of
solutions to the problem with free boundary is still open. However, local existence results in analytic and semi-analytic
theory of standing waves are available. In analytic theory, there are important existence results due to Nalimov [8],
Nishida [9], Andreev [4], andYosihara [21], where the well-posedness of the motion of free boundary for some special
cases have been proven. It is known, from linear theory, that there are inﬁnitely many eigenmodes (or inﬁnitely many
resonances) for any rational value of the dimensionless parameter for the problem in an inﬁnitely deep layer of perfect
ﬂuid. It was proved in 1987 by Amick and Toland [2] that an expansion in power series of the amplitude of a single
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eigenmode can be computed at all order, despite of these inﬁnitely many resonances. In the paper by Shingareva et al.
[18], the ninth-order solution of this problem was obtained (in Lagrangian variables) and the appearance of 442- and
993-resonances was studied. For a ﬁnite-depth layer, the standing wave problem does not have the above degeneracy.
2.1. Inﬁnite-depth surface standing waves
Let us consider two-dimensional nonlinear wave motions in the ﬂuid domainD={0xL,−∞y(x, t)}. On
the free surface, the pressure is constant and equal to zero. We consider this as a basic model and derive on its basis the
other models.We choose a rectangular system of coordinates xOy in the plane of motion so that: (i) the x-axis coincides
with the horizontal level of ﬂuid at rest and (ii) the y-axis is directed vertically upwards so that the unperturbed free
surface has coordinates y = 0 and x ∈ [0, L]. We transform variables from Eulerian (x, y) to Lagrangian (a, b) adding
the following requirements: the Jacobian J = (x, y)/(a, b) = 1, the free surface y = (x, t) is equivalent to the
parametric curve {x(a, 0, t), y(a, 0, t)}, at t = 0 the free surface is {x(a, 0, 0), y(a, 0, 0)}, at the vertical lines a = 0
and a = L the horizontal velocity xt = 0, and the inﬁnite depth is b = −∞.
The Lagrange equations for wave motions in ﬂuid plus the continuity equation and the boundary conditions are then
given as [7]
xtt xa + (ytt + g)ya + pa

= 0, xtt xb + (ytt + g)yb + pb

= 0,
(x, y)
(a, b)
= 1,
x(0, b, t) = 0, x(L, b, t) = L, y(a,−∞, t) = −∞, p(a, 0, t) = 0, (1)
where x(a, b, t) and y(a, b, t) are the coordinates of an individual ﬂuid particle in motion, p(a, b, t) is the pressure in
the ﬂuid,  is the ﬂuid density. Here and in what follows a variable subscript represents partial derivative with respect
to that variable (e.g., xtt = 2x/t2, xa = x/a).
We consider weakly nonlinear standing waves or waves of small amplitude and steepness, for which the amplitude
and the ratio of wave height to wavelength is assumed to be of order , where  is a small parameter. We introduce the
dimensionless amplitude , the wave phase , Lagrangian variables ,  (instead of a, b), and space coordinates and
pressure 	, , and 
 (instead of x, y, and p) as follows:
A = , = t, = a, = b,
x = + 	, y = + , 2p = −(g)y + 2(0)
, (2)
where  = n/L is the wave number (n is the number of nodes of the wave),  is the nonlinear frequency, 2(0) = g
is the dispersion relation for linear periodic waves, and g is the acceleration due to gravity.
In terms of the dimensionless variables, the equations of motion and the boundary conditions can be rewritten in the
form
L1(	, 
) = −(		 + ), L2(, 
) = −(		 + ),
L3(	, ) = −(	, )
(, )
,
	(0, ,) = 0, 	(n, ,) = 0, (,−∞,) = 0,

(, 0,) − (, 0,) = 0, (3)
where
L1(	, 
) = 	 + 
, L2(, 
) =  + 
, L3(	, ) = 	 + 
are linear differential operators. The construction of asymptotics is based on the method of Lindstedt–Poincaré. For
practical realization of this method we apply a modern analytic technique, namely, we perform all computations with
the aid of the computer algebra system.
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Let us brieﬂy describe an asymptotic procedure for constructing the ﬁfth-order approximate solution to problem (3).
Deﬁning the formal power series in the amplitude parameter 
u =F111(u) +
N∑
i=2
i−1u(i) + O(N), u = 	, , 
, N = 5, (4)
where 	(i), (i), and 
(i) (i = 2, . . . , N) are unknown 2-periodic in  functions of variables , , and , and the linear
termsF111(u), u = 	, , 
, are deﬁned by the following expressions:
F111(	) = − sin()e cos(), F111() =F111(
) = cos()e cos(). (5)
Considering weakly nonlinear standing waves, we can assume that the nonlinear wave frequency is close to the linear
wave frequency (0):
() ≡ t = (0) +
N−1∑
i=1
i(i) + O(N), (6)
where (i), i = 1, . . . , N − 1, are new unknown corrections to the nonlinear wave frequency.
Substituting these expansions into the equations of motion and the boundary conditions and matching the coefﬁcients
of like powers of , we arrive at the following linear inhomogeneous systemof partial differential equations and boundary
conditions for the ith approximation:
L 1(	(i), 
(i)) =S 1(	(i)), L 2((i), 
(i)) =S 2((i)),
L3(	(i), (i)) =S3(
(i)),
	(i)(0, ,) = 0, 	(i)(n, ,) = 0, (i)(,−∞,) = 0,

(i)(, 0,) − (i)(, 0,) = 0, (7)
where
Sm(u(i)) =
i∑
j,k,l=0
[Fjklmi Fjkl(u(i)) + GjklmiFjkl (u(i))], u(i) = 	(i), (i), 
(i),
Fijk(	(i)) = sin(i)e(j) cos(k),
Fijk((i)) =Fijk(
(i)) = cos(i)e(j) cos(k).
Here, we omit the expressions for all coefﬁcients Fjklmi ,G
jkl
mi (m = 1, 2, 3, j, k, l = 0, . . . , i, i = 2, . . . , N) because of
their great complexity.
We look for a solution, 2-periodic in , to this system of equations and the boundary conditions in the form:
v(i) =
i∑
j,k,l=0
V
jkl
i F
jkl(v), v = 	, , 
, V = , H,, (8)
where jkli , H
jkl
i , and 
jkl
i (j, k, l = 0, . . . , i, i = 2, . . . , N) are unknown constants. Substituting these series into the
linear system of equations and boundary conditions for the ith approximation and using the orthogonality conditions for
periodic solutions, we obtain a family of systems of linear algebraic equations with respect to the unknown coefﬁcients
jkli , H
jkl
i , and 
jkl
i (j, k, l = 0, . . . , i, i = 2, . . . , N).
By using formulas (2)–(8), we obtain the asymptotic solution of the order of O(N) and the unknown corrections to
the nonlinear wave frequency (i). Setting = 0 in the parametric equations for x and y, we can obtain the proﬁles
of surface standing waves in Lagrangian variables for the ith approximation (i = 2, . . . , N). Changes in the amplitude
 inﬂuence the surface conﬁguration by changing both the shape of the surface and the amplitude of motion.
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It is known that when surface tension is neglected, then the free boundary problem is well-posed in a ﬁnite interval
of time if the following sign condition
−∇p · n> 0 (9)
is satisﬁed. Here, p is the pressure and n is the outward unit normal to the free boundary. Note that when the forces
of surface tension are taken into account, then the free boundary problem is always well posed irrespective of the sign
condition (see [4,21]). This condition is somewhat similar to the fact that p> 0 inside the water region. In our case,
according to the solution obtained, (i), 
(i), the pressure takes the form:
p(, , t) = − 1
12
g(12+ 2[−6e2 cos(2) + 6 cos(2)]
+ 3[−3 cos()e3 cos() + 3 cos()e cos()
− 5 cos()e3 cos(3) + 5 cos()e cos(3)]) + O(4).
Here and in what follows we only present the terms upto third-order approximation.
The parametrization of the interface by Lagrangian coordinates (, ), that is, B = (x(, , t), y(, , t)), has the
following form:
x(, , t) = − 1
96
(−96+ 96 sin()e cos()
+ 3[−5 sin()e cos(3) + 24 sin()e cos()]) + O(4),
y(, , t) = 1
96
(96+ 96 cos()e cos() + 2[24e2 + 24e2 cos(2)]
+ 3[24 cos()e3 cos() + 24 cos()e cos() + 8 cos()e3 cos(3)
− 5 cos()e cos(3)]) + O(4).
It is easy to verify that the solution obtained satisﬁes the sign condition (9) and the condition p> 0 inside the water
region.
2.2. Convergence of perturbation series
It is known that an inﬁnite asymptotic seriesmay either converge for some range of , or diverge for all .Mathematical
convergence depends upon the behavior of terms of indeﬁnitely high order, whereas in physical problems one can
calculate only the ﬁrst few terms of a perturbation expansion (usually no more than two or three). The resulting series
is often slowly convergent or even divergent. The utility of an asymptotic expansion lies in the fact that the error is
(by deﬁnition) of the order of the ﬁrst neglected term, and tends to zero as  → 0. Then only small values of  are of
practical interest and only a few terms are calculated. However, there are another problems, for example, to observe
the steep standing waves, where we attempt to make  as large as possible. In this case, the convergence may be of
considerable practical interest.
To analyze the utility of a perturbation series constructed, we extend the series solution to high order using the
computer algebra methods and examine the coefﬁcients of the series. Here, we present some particular results for the
parameters describing in experiments  = 2,  = 0,  = 0, n = 2, L = 50,  = 1. The free boundary, a parametric
curve, takes the form:
x8 = 50,
y8 = .40458901118 + .39952718687 + 1.5870312916 + 3.0047439155
+ 2.8775782114 + 4.2275531743 + 3.9788735762 + 7.957747152.
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We analyzed the structure of the series solution y8 through its coefﬁcients using the three ways. First, we investigate
the nearest singularity considering the perturbation parameter  in the complex plane. Since all signs in the series y8
are positive, the singularity lies on the positive real axis. The distance to the nearest singularity, that is, the radius of
convergence 0, can be estimated by graphical interpretation of the d’Alembert ratio test,
0 = lim
n→∞
∣∣∣∣An−1An
∣∣∣∣ ,
but inverting both scales, i.e., plotting |An/An−1| versus 1/n and then extrapolating to the origin. Then the radius
of convergence is estimated as the reciprocal of the intercept at 1/n = 0 and is equal to 0 = .9835454827. Second,
analyzing the partial sums, we ﬁnd that 0 = .9834440252. Then, applying Shank’s nonlinear transformations of higher
order, we construct the rational fractions. Taking into account all the terms in the series solution y8, we obtain the
following rational fraction according to the 4th-order Shank’s transformation:
S4 = (−.1172808212 × 101112 + .3010785319 × 101111
+ .1664731486 × 101010 − .1125440353 × 10129 + .2075388948 × 10128
− .1457810548 × 10127 + .2910778512 × 10116 + .7256515500 × 10105)/
(.5487903680 × 10911 − .2220836954 × 101010 + .7685604690 × 10109
− .1887904680 × 10118 + .4937143500 × 10107 + .5494589810 × 10116
− .8625761175 × 10115 + .2337341176 × 10114 + .5836662750 × 10113
− .4648667199 × 10112 + .4324696320 × 1010− .5908583500 × 108).
Analyzing the denominator of the rational fraction, we ﬁnd that the radius of convergence 0 = .9809108704.
We can see that the radius of convergence in Lagrangian variables is bigger than the radius of convergence in the
frame of the Eulerian approach (where it is smaller than the maximum wave steepness).
2.3. Finite-depth surface standing waves
Following the basicmodel, we consider standingwavemotions in the ﬂuid domainD={0xL,−hy(x, t)},
where h is the ﬂuid depth. In this casewe solve the standingwave problem (1)with themodiﬁed third boundary condition
y(a,−h, t) = −h. Introducing the dimensionless ﬂuid depth  = h and the dimensionless variables and functions
(2), taking the dispersion relation 2(0) = g tanh  for linear periodic waves, we obtain the modiﬁed boundary value
problem (3) with the third and the fourth boundary conditions
(,−,) = 0, 
(, 0,) tanh − (, 0,) = 0. (10)
Determining the linear termsF111(u), u = 	, , 
, for this problem as
F111(	) = − sinh  sin() cosh(+ ) cos(),
F111() = sinh  cos() sinh(+ ) cos(),
F111(
) = sinh  cos() cosh(+ ) cos(), (11)
we expand the unknown, periodic in , functions 	, , and 
 in the series (4) with the linear terms (11).
Applying the expansion procedure (2)–(8), we obtain the asymptotic solution to the problem and the frequency–
amplitude dependence.
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3. Inﬁnite- and ﬁnite-depth internal standing waves
3.1. Inﬁnite-depth internal standing waves
Now we generalize the model described above. Consider the free boundary value problem for a two-layer incompres-
sible inviscid ﬂuid in a rectangular domainD={0x(1)L, (x, t)y(1)∞}∪{0x(2)L,−∞y(2)(x, t)}.
We study a stable version of the free boundary value problem, =(1)/(2) < 1, and consider two-dimensional nonlinear
standing waves in Lagrangian variables (a(m), b), m = 1, 2. The governing equations and the boundary conditions for
the two-layer ﬂuid we write as
x
(m)
tt x
(m)
a + (y(m)tt + g)y(m)a +
p
(m)
a
(m)
= 0, x(m)tt x(m)b + (y(m)tt + g)y(m)b +
p
(m)
b
(m)
= 0,
(x(m), y(m))
(a(m), b)
= 1,
x(m)(0, b, t) = 0, x(m)(L, b, t) = L, y(m)(a(m), (−1)m−1∞, t) = (−1)m−1∞,
[x(a(m), 0, t)] = 0, [y(a(m), 0, t)] = 0, [p(a(m), 0, t)] = 0.
After introducing the scalings similar to (2), we can obtain the following free boundary value problem:
L1(m)(	(m), 
(m)) = −{	(m)	(m)(m) + 
(m)

(m)
(m)
},
L2(m)((m), 
(m)) = −{	(m)	(m) + (m)(m) },
L3(m)(	(m), (m)) = −(	
(m), (m))
((m), )
,
	(m)(0, ,) = 0, 	(m)(n, ,) = 0, (m)((m), (−1)m−1∞,) = 0,
(1) − (2) = −{	(1)((1), 0,) − 	(2)((2), 0,)},
(1)((1), 0, t) − (2)((2), 0,) = 0,
2(1 + )−2{(1 + )K1 − (1 − )K2} = 0, (12)
where
K1 = (1)((1), 0,) − (2)((2), 0,), K2 = 
(1)((1), 0,) − 
(2)((2), 0,),
and the functions u(m) are the unknown functions 	(m), (m), and 
(m). For this problem, the linear wave frequency is
2(0) = g, where = (1 − )/(1 + ), and the linear termsF(m)111(u(m)), u = 	, , 
, are
F(m)111(	(m)) = (−1)m−1 sin((m)) exp[(−1)m] cos(),
F(m)111((m)) = cos((m)) exp[(−1)m] cos(),
F(m)111(
(m)) = (−1)m cos((m)) exp[(−1)m] cos(). (13)
In the construction of asymptotic solution, we generalize the method (2)–(8) applied to the case of one-layer ﬂuid.
Substituting the series into the linear inhomogeneous system of partial differential equations and the boundary condi-
tions, and applying the orthogonality conditions for periodic solutions, we obtain a family of systems of linear algebraic
equations with respect to the unknown coefﬁcients(i)(m)jkl ,H(i)(m)jkl , and(i)(m)jkl , j, k, l=0, . . . , i, i=2, . . . , N ,
for each approximation. Here, we omit the details of calculations and its implementation with the aid of computer
algebra methods, an interested reader can ﬁnd them in the paper by Shingareva and Lizárraga Celaya [17].
466 I. Shingareva, C.L. Celaya / Journal of Computational and Applied Mathematics 200 (2007) 459–470
Using the formulas of the method, we obtain ﬁfth-order asymptotic solution and the analytic frequency–amplitude
dependence for the free boundary problem using the ordinary differential (6) for the wave phase .
3.2. Finite-depth internal standing waves
Finally, we consider internal standing wave motions in the two-layer ﬂuid domain D = {0x(1)L, h(1)y(1)
(x, t)} ∪ {0x(2)L,−h(2)y(2)(x, t)}, where h(m) (m = 1, 2) are the ﬂuid depths. Following the method of
Section 2.1, we rewrite the boundary conditions on the upper and lower horizontal lines of the domain in (1) as
y(m)(a(m), (−1)m−1h(m), t) = (−1)m−1h(m). (14)
Introducing the dimensionless variables and functions, the dimensionless ﬂuid depths (m) = h(m) and taking the
dispersion relation 2(0) = g for linear waves, where the parameter  now is
= 1 − 
coth (2) + coth (1) ,
we obtain the modiﬁed free boundary value problem (12) with the boundary conditions:
(m)((m), (−1)m−1(m),) = 0,
coth (1) + coth (2)
coth (2) +  coth (1)K1 +
(coth (1) + coth (2))(− 1)
(coth (2) +  coth (1))2 K2 = 0.
The linear termsF(m)111(u(m)), u = 	, , 
, for this problem are
F(m)111(	(m)) = (−1)m−1 sinh (m) sin((m)) cosh(+ (m)) cos(),
F(m)111((m)) = sinh (m) cos((m)) sinh(+ (m)) cos(),
F(m)111(
(m)) = (−1)m sinh (m) cos((m)) cosh(+ (m)) cos(). (15)
Applying the generalized solution method (2)–(8) to standing wave motions in a two-layer ﬂuid of ﬁnite depth, we
determine the asymptotic solution to the problem and the frequency–amplitude dependence.
4. Frequency–amplitude dependences
4.1. Inﬁnite-depth surface standing gravity waves
Taking into account the perturbation solution obtained to the problem in Section 2.1 and the fact that the wave phase
 satisﬁes the ordinary differential (6), we write out the frequency–amplitude dependence

(0)
= 1 − 1
8
2 − 23
256
4 + O(5). (16)
This dependence is equal to the previous results obtained by Shingareva [16], Shingareva et al. [18] in Lagrangian
variables (with the aid of another perturbation method) and equal to the analytic solution obtained by Rayleigh [13] in
Eulerian variables, where (1) = 0 and (2) = − 18A2(0). The expression (16) coincides with the results obtained by
Penney and Price [12] andAoki [6] in Eulerian variables, where (3) = 0 and (4) = − 15256A4(0). The coincidence of
the results follows from determining the maximum amplitudes Amax that corresponds to the maximum wave proﬁles
ymax in both types of variables and calculating the relation between them. In our case, after the passage from Lagrangian
variables back to Eulerian, we have
y(x, t) =
(
+ 532 3
)
cos x cos t; ymax =
(
+ 532 3
)
cos x, (17)
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where Amax =  + 532 3. In the papers by Penney and Price [12] and Aoki [6] the maximum wave proﬁle and the
maximum amplitude are
y(x, t) =
(
A + 132A3
)
cos x sin 
t; ymax =
(
A + 132A3
)
cos x, (18)
where Amax = A + 132A3. Equating the maximum amplitudes in both cases, we obtain the relation
A = + 18 3.
Substituting the value of A into the frequency–amplitude dependence obtained by Penney and Price [12] andAoki [6],
we ﬁnally obtain

(0)
= 1 − 1
8
A2 − 15
256
A4 + O(A5) = 1 − 1
8
2 − 23
256
4 + O(5), (19)
that is equal to Eq. (16).
4.2. Finite-depth surface standing gravity waves
The frequency–amplitude dependence of this problem obtained in Section 2.2 is as follows:

(0)
= 1 − 2
[
23 + 32 + 12− 9
64 2
]
− 4
[
P1
16384 6
]
+ O(5), (20)
where the polynomial P1 is
P1 = (−368 + 647 + 8836 − 6915 + 16114 − 61383 + 40772 − 1323+ 81).
This result is equal to the previous results for ﬁnite-depth problems obtained by Shingareva [16] in Lagrangian
variables (with the aid of the perturbation method there described) and equal to the analytic solutions obtained by
Tadjbaksh and Keller [19] (up to the third order) in Eulerian variables. The dependence (20) coincides with the result
obtained by Okamura [10] in Eulerian variables (up to the ﬁfth order). It should be noted that in the paper by Okamura
[10] Formula (A.21) is presented in the Appendix, but with some discrepancy. Using the previous formulas of the
Appendix obtained by Okamura, we recalculated this formula, it takes the form

(0)
= 1 − q2
[
2z6 + 3z4 + 12z2 − 9
64 z4
]
− q4
[
R
16384 z10
]
+ O(q5), (21)
where
R = 36z16 − 128z14 − 819z12 − 93z10 − 1035z8 + 2010z6 + 531z4 + 27z2 − 81.
We compare our results with the correct formula (21). The coincidence follows from determining the relation between
the two small parameters in both types of variables. In the case of Okamura, the wave steepness in Eulerian variables
at x = 0 and t = 0 is equal to
1 = 12 [(0, 0) − (, 0)] = q + q3V1(z),
where
V1(z) = 3256z6 (2z
10 + z8 − 25z6 + 16z4 + 21z2 + 9).
In Lagrangian variables, the corresponding wave steepness is deﬁned as
2 = 12 [(0, 0, 0) − (0, 0, )] = + 3V2(z),
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where
V2(z) = 1256 z6 (6z
10 + 19z8 − 115z6 + 208z4 − 9z2 + 27), = z2.
Equating both wave steepnesses 1 and 2, we obtain the equation:
+ 3V2(z) = q + q3V1(z),
from which, after the substitution  = q + q3W(z) + O(q5) and eliminating the terms of the order of O(q5), we
ﬁnd W(z) = V1(z) − V2(z). Substituting the relation between the two small parameters  = q + q3W(z) into the
frequency–amplitude dependence (20) in Lagrangian variables, we ﬁnally obtain

(0)
= 1 − q2(2) − q4[2W(z)(2) + (4)]
that is equal to (21), the corrected formula (A.21) obtained by Okamura [10].
4.3. Inﬁnite-depth internal standing gravity waves
The analytic frequency–amplitude dependence for the free boundary problem obtained in Section 3.1 takes the form:

(0)
= 1 − 2
[
1 + 2
8(1 + )2
]
− 4
[
154 − 643 + 542 − 64+ 23
256(1 + )4
]
+ O(5). (22)
The analytic result for the frequency–amplitude dependence (22) can be veriﬁed by considering the asymptotic limit
of absent upper layer. By letting  → 0, we obtain the dependence (16) for the case of one-layer ﬂuid.
4.4. Finite-depth internal standing gravity waves
The frequency–amplitude dependence obtained in Section 3.2 is as follows:

(0)
= 1 + 2
[ ∑4
i=1Ri4−i
64 (coth1 +  coth2)(coth2 +  coth1)2
]
+ · · · , (23)
where the polynomials Ri (i = 1, . . . , 4) are
R1 = −12 coth2 coth41 + 9 coth61 coth2 − 3 coth2 coth21 − 2 coth2,
R2 = (9 coth22 − 6) coth51 + (−18 coth32 + 6 coth2) coth41
− (4 + 10coth22) coth31 + (2 coth2 + 10 coth32) coth21
+ (−2 + coth22 − 4 coth42) coth1 + 4 coth2 + 4 coth32,
R3 = − 4 coth2 coth41 + (4 + 10 coth22 − 18 coth42) coth31
+ (−10coth32 + 9 coth52 + coth2) coth21 + (6 coth42 + 2 coth22 + 4) coth1
− 6 coth52 − 2 coth2 − 4 coth32,
R4 = coth1(−3 coth22 − 2 + 9 coth62 − 12 coth42).
Here, we use the notation cothm = coth (m) (m = 1, 2).
Since this problem is a more general case of the standing wave problems considered in the paper, we can compare
these analytic results with the results obtained above. If we put coth (1) =coth (2) =1 that corresponds to the standing
wave problem in a two-layer ﬂuid of inﬁnite depth, then we obtain the dependence (22) of Section 3.1. The standing
wave problem in one-layer ﬂuid of ﬁnite depth ismodelledwhen (1)=(2)=, thenwe obtain the analytical dependence
(20) of Section 2.2. And also, if we put coth (1) = coth (2) = coth  = 1, then we obtain the analytical dependence
(16) of Section 2.1 for the standing wave problem in one-layer ﬂuid of inﬁnite depth.
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5. Conclusions
The description of the expansion procedures for surface and internal standingwaves is presented. Consideringweakly
nonlinear standing waves, the two-dimensional wave motion of an irrotational incompressible ﬂuid in a rectangular do-
main is studied.We generalize the solution method that allows one to solve a set of problems, for example, the problems
of inﬁnite- and ﬁnite-depth surface standingwaves and inﬁnite- and ﬁnite-depth internal standingwaves.Althoughmost
of the approximate analytic solutions were obtained using the Eulerian formulation, the present paper deals with the al-
ternative Lagrangian formulation. The ﬁfth-order analytic solutions are determined. The analytic frequency–amplitude
dependences are obtained up to the fourth order. The comparison of the analytic frequency–amplitude dependences
obtained in Lagrangian variables with the corresponding ones known in Eulerian variables is performed. The analytic
frequency–amplitude dependences are in complete agreement with previous results obtained by Rayleigh [13], Penney
and Price [12], Aoki [6], Tadjbakhsh and Keller [19], Okamura [10] in Eulerian variables, and by Shingareva [16],
Sekerzh-Zenkovich et al. [14], Shingareva et al. [18], Shingareva and Lizárraga Celeya [17] in Lagrangian variables.
The computer algebra procedures for the construction of asymptotics are developed. It was shown that the use of the
Lagrangian approach to solve standing waves problems presents some advantages with respect to the Euler formulation,
particularly because it allows to simplify the boundary conditions (the unknown free boundary is a line), the radius
of convergence of an expansion parameter is bigger than in the Eulerian variables (this allows one to observe steep
standing waves).
The method described in the paper can be useful for extending a series solution to high order, solving a problem that
is not solvable in Eulerian formulation. Also this approach allows us to obtain and investigate analytical solutions to
more complicated problems in more complex ﬂuid structures.
Developing the problem considered in the paper by Sekerzh-Zenkovich et al. [14], the authors have obtained asymp-
totic solutions to several models: capillary-gravity and pure gravity waves on inﬁnite- and ﬁnite-depth water under
conditions of parametric resonances.
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